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Given a function H £ C 1 (R 3 ) asymptotic to a constant at infinity, we investigate the 
existence of //-bubbles, i.e., nontrivial, conformal surfaces parametrized by the sphere, 
with mean curvature H. Under some global hypotheses we prove the existence of H- 
bubbles with minimal energy. 



1. Introduction 

Since 1930, with the renowned papers by Douglas and Rado on minimal surfaces, 
the study of parametric two-dimensional surfaces with prescribed mean curvature, 
satisfying different kinds of geometrical or topological side conditions, has consti- 
tuted a very challenging problem and has played a prominent role in the history of 
the Calculus of Variations. 

Surfaces with prescribed constant mean curvature are usually known as "soap 
films" or "soap bubbles" . This case has been successfully and deeply investigated by 
several authors, and nowadays a quite wide description of the problem is available 
in the literature (see the survey book by Struwe [18]). 

The phenomenon of the formation of an electrified drop is closely related to soap 
film and soap bubbles. As experimentally observed (see for example [8], [6], [10]), 
an external electric field may affect the shape of the drop, and its surface curvature 
turns out to be nonconstant, in general. 

However, as regards the mathematical treatment of the case of nonconstant 
prescribed mean curvature, only few existence results of variational type are known. 
Apart from few papers on the existence of a "small" solution for the Plateau problem 
(we quote, for instance, [10], [16] and [17], see also [5]), all the other variational- 
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type results hold true in a perturbative setting, namely, for curvatures of the form 
H{u) = Ho+H-yiu) with H e R\{0} and H x G C^R^nL 00 having ||#i||oo small. 
In particular, let us mention the papers [19], [20], [2], P2] and [13], which deal with 
the Plateau problem, or the corresponding Dirichlet problem. 

In this paper we are interested in the existence of S 2 -type parametric surfaces 
in R 3 having prescribed mean curvature H, briefly, H -bubbles. 

More precisely, for H S C 1 (R 3 ), an ii-bubble is a nonconstant conformal func- 
tion lo-.M 2 — > R 3 , smooth as a map on § 2 , satisfying the following problem: 

J Auj — 2H(uj)lo x A ujy in R 2 . . 

\ f R2 |Vw| 2 <+^. ^ 

Here u x = ^, ), w, = (^, ^f), Aw = u xx + u yv , Vw = {uj x ,u v ), 
and A denotes the exterior product in R. 

In case of nonzero constant mean curvature H(u) = Brezis and Coron [4J 
proved that the only nonconstant solutions to (jl.ip are spheres of radius | ^f/o I 1 ■ 

In the present paper, we study the existence of -ff-bubbles with minimal energy 
in case H: R 3 — > R is a smooth function satisfying: 

(hi) sup ueR 3 \VH(u + £) ■ u u\ < 1, for some £ S R 3 , 

(hoc) H{u) — > iJoo as |u| — * oo, for some € R. 

The assumption (hi) is a global condition on the radial component of VH(- + £_) 
that, roughly speaking, measures how far H differs from a constant. 

In addition, we also need that H is nonzero on some sufficiently large set. This 
condition will be made clear in the following. 

In order to state our result we need some preliminaries. Let us point out that 
problem (II. 1| has a natural variational structure, since solutions to (1 1 . 1 j) are for- 
mally the critical points of the functional 

£h{u) = \ \Vu\ 2 + 2 Q(u)-u x Au y , 

where Q: R 3 — > R 3 is any vector field such that div Q = H. 

Roughly speaking, the functional J R2 Q{u) -u x Au y has the meaning of a volume, 
for u in a suitable space of functions. This is clear when H(u) = Hq. Indeed 
in this case, taking Q(u) = ^-U, one deals with the standard volume functional 
L 2 u ■ u x A u y which is a determinant homogeneous in u and, for u constant far 
out, measures the algebraic volume enclosed by the surface parametrized by u. 
Moreover, it turns out to be bounded with respect to the Dirichlet integral by the 
Bononcini-Wente isoperimetric inequality. 

These facts hold true more generally when H is a bounded nonzero function on 
R 3 (see [H]). In particular, the functional L 2 Q{u) ■ u x Au y is essentially cubic in 
u and it satisfies a generalized isoperimetric inequality. For this reason, we expect 
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that £h has a mountain pass structure, and this gives an indication for the existence 
of a nontrivial critical point. 

The natural space in order to look for § 2 -type solutions seems to be the Sobolev 
space iJ 1 (S 2 ,R 3 ), modulo stereographic projection. However, working with this 
space gives some technical difficulties due to the fact that H may be nonconstant. 
In any case, we can define a mountain pass level for £h restricted to some class 
of smooth functions. In addition, thanks to the assumption (hi), we can restrict 
ourselves to radial paths spanned by functions in — {£ + C£°(IR 2 ,R 3 ) : u ^ £}, 
where £ £ M 3 is the same as in (hi). Thus we are lead to introduce the value 

ch = inf sup £h(su) . 
The assumption (hoc) guarantees that 

4-7T 

< c H < 



Note that if -ffoo ^ 0, the value alS- equals the mountain pass level for the energy 

oc 

functional £h^ corresponding to the constant mean curvature i?oo- Moreover by 
the results proved by Brezis and Coron in [1], this value is the least critical value 
for Ehbv m ff 1 (S 2 ,K 3 ), and it is attained by the spheres (with degree 1) of radius 
|i/oo| _1 . Now, our result can be stated as follows: 
Theorem 1.1 Let H £ C X (R 3 ) satisfy (hi) and (h^). // 

. 4tt 

(*) C H < 



3HI 



holds, then there exists an H -bubble u> such that £h{uj) = ch- Moreover, called Bh 
the set of H-bubbles, it holds that ch = inf w gB H £h(oj). 

We point out that, thanks to (hi), the condition (*) requires that £h(u) < for 
some u £ and then excluded the case H = 0. Clearly, when £h{u) < somewhere 
and ifoo = 0, then (*) is automatically satisfied. Moreover, when > 0, the 
condition (*) turns out to be true if H (u) > Hoo for \ u \ large. Note that, in general, 
even if H(u) = for \u\ > R, Theorem 1 1 . 1 1 ensures that the if-bubble we find is 
different from the Hoo-bubble located in the region |u| > R. 

We also notice that in general we have no information about the position of the 
-ff-bubble given by Theorem ll.il In particular, we can exhibit examples of radial 
curvatures H for which 77-bubbles with minimal energy exist but cannot be radial. 

The main difficulties in approaching problem (|l.ip with variational methods 
concern the study of the Palais-Smale sequences. In particular, we emphasize the 
following problems: boundedness of a Palais-Smale sequence with respect to the 
Dirichlet norm, and in L°°; blow up analysis for a (bounded) Palais-Smale se- 
quence. Concerning the first problem, the assumption (hi) can be useful in order 
to guarantee the boundedness with respect to the gradient L 2 -norm. However the 
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boundedness in L°° in general cannot be deduced a priori and it is not just a tech- 
nical difficulty. In fact, one can exhibit examples of Palais-Smale sequences which 
are bounded with respect to the Dirichlet norm, but not in L°°, and the lack of 
boundedness in L°° cannot be eliminated in any way. 

Hence, because of these difficulties, we tackle the problem by using an approx- 
imation method in the spirit of a celebrated paper by Sacks and Uhlenbeck |15j . 
More precisely, we construct a family of approximating solutions on which global 
and local estimates can be proved. In particular, assuming that H is constant far 
out, we can obtain boundedness both with respect to the Dirichlet norm, and in 
L°° . Then, a limit procedure, involving a (partial) blow up analysis, is carried out, 
in order to show the existence of an ii-bubble with minimal energy. In the last step, 
we remove the assumption that H is constant far out, by an approximation argu- 
ment on the curvature function, and we recover the full result stated in Theorem 

o 

We point out that for a curvature H £ C 1 (IR 3 ) satisfying (hi) and such that 
H[u) = -ffoo 7^ for \u\ large, the set Bh of iJ-bubbles is nonempty a priori, and 
the existence of a minimal ii-bubble can be obtained with a direct argument, just 
minimizing the energy functional Eh over Bh-, without using the above mentioned 
approximation method. In fact, the hard step lies in removing the condition that 
H is constant far out, just asking to H the asymptotic behaviour stated in (hoc). 
To this goal, it is important to know that the energy of the minimal ii-bubble is 
exactly ch , and proving this needs either a sharp study of the behaviour of the 
Palais Smale sequences, or an (almost equivalent) approximation argument as, for 
instance, the Sacks- Uhlenbeck type argument that we develop. This step requires 
much more work and constitutes the largest part of this paper. 

We finally mention a result by Bethuel and Rey [2] that states the existence of 
an ii-bubble passing through an arbitrarily prescribed point in R 3 in case H is a 
perturbation of a nonzero constant. This result expresses the fact that the bubbles 
with constant curvature Ho ^ are stable with respect to small L°° perturbations 
of Hq. Actually, in our opinion, the proof of this result is not completely clear and 
we are not able to recover it with our method. 

In fact, we think that the problem of existence of ii-bubbles for a prescribed 
bounded curvature function H has some similarities with a semilinear elliptic prob- 
lem on of the form 

( -Au + u= a{x)u v on 

I u > on l w (1.2) 

(ii6ff 1 (R Jf ) 

where 1 < p < Tpfl and a is a bounded positive function on M. N . It is known 
that the existence of solutions to (|1.2|) is strongly affected by the behaviour of the 
coefficient a(x), and in some cases problem (jl.2[) has no solution. In particular, this 
may happen also when a(x) is a small L°° perturbation of a positive constant. 
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In our opinion, similar considerations hold also for the problem of ii/-bubbles, 
and the behaviour of H(u) plays a similar role of the coefficient a{x) in (|1.2| . 
Hence, as well as for problem (|1.2j) . we suspect that the existence of ii-bubbles 
with minimal energy may depend in a very sensitive way on the function H . 

2. The variational approach 

This Section is structured as follows. In the first part we introduce some notation 
in view of setting up a variational framework to study problem . In particular 
we define the ii-volume functional, the energy functional associated to problem 
(jl.ip . and we recall some generalized isoperimetric inequality. In the second part 
we define a mountain pass level ch for the energy functional En and we discuss some 
properties related to the value ch strongly depending on the assumption (hi). 

2.1. Notation and isoperimetric inequality 

First, let us introduce the space 

X = {vo(/):vG H^S^M 3 )} 

where <fi: R 2 — » S 2 is the (inverse of the) standard stereographic projection and it is 
given by 

2 

4>(z) = (nx, fiy, 1 - n) , n = fi{z) = , (2.1) 

1 + \z\ z 

being z = (x,y) and \z\ 2 — x 2 + y 2 . Notice that u e X if and only if u, u £ 
Hl oc (R 2 ,R 3 ) and J R2 |Vu| 2 < +oo, where u(z) = u^-^). Let us also set H$ = 
7?o(L>,R 3 ), where D is the open unit disc in R 2 . Clearly, C X. For every u G X 
we denote the Dirichlet integral by 



>u\ 2 



= \\ |Vi 

Now, given H £ C 1 (R 3 ), we construct the i?-volume functional as follows. Set 
m H {u) 



[ H{su)s 2 ds . 
Jo 



Thus, for every u € M 3 one has 

div(m H (u)u) = H(u) . (2.2) 
Then, let V H - X n L°° R be defined by 

Vtf(u) = / m H (u)u- u x Au y . 



In case H[u) = 1, one has mH(u) = |, and the functional Vh reduces to the 
classical volume functional which satisfies the standard isoperimetric inequality. In 
fact the following generalization holds, as proved by Steffen in [16] . 
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Lemma 2.1 If H E C 1 (R 3 ) is bounded on R 3 then there exists Sh > such that 

S H \V H (u)\ 2/3 < V(u) for every u E X n L°° . (2.3) 

Remark 2.2 In fact Steffen in QJ] proves that the functional Vh admits a contin- 
uous extension on Hq and (]2.3|) holds true also for every u E Hq. 

Finally we introduce the energy functional Eh'- X n L°° — ► R, defined for every 
u E X L°° by 

=P(u) + 2V H ( M ) . 

In the following result we state some properties of the functional Eh ■ 
Lemma 2.3 Let H E C^R 3 ). Then: 

(i) for every u S X n L 00 one /ias Eh{su) — s 2 T>(u) + o(s 2 ) as s — > 0, 

(ii) for every u E X n L°° and /or /i € C^°(R 2 ,R 3 ) i/ie directional derivative of 
Eh at u along h exists, and it is given by 

d£ H (u)h = \ Vu-Vh+2 H(u)h ■ u x A u y , 
Jr 2 Jr 2 

(Hi) for every bounded solution uj to (jl.ip one has 

V(u) + / H(lu)uj ■ u x A cj y = . (2.4) 

Remark 2.4 If u> E X n L°° is a weak solution to (|1.1|) . i.e., d£n(uj)h = for 
every /i g C^°(R 2 ,R 3 ), then, since e C^l 3 ), by a Heinz regularity result [9], 
uj E C 3 (R 2 ,R 3 ), it is conformal, and smooth as a map on S 2 . In particular there 
exists limui^oo w(z) = u>oc S R 3 . 

Proof. Part (i) is a consequence of Lemma 12.11 Part (ii) follows by the results 
in [TT], using (|2.2[) . Finally, (|2.4|) can be proved multiplying the system Aw = 
2H(uj)lu x A uj y by w, integrating on D and passing to the limit as i? — > +oo. □ 

To conclude this Subsection, we point out a consequence of assumption (hoc). 
Actually, the following result holds true under a much weaker condition. 
Lemma 2.5 Let H E C 1 (R 3 ,R) satisfy 

\H(su)\ >H q >0 for s > s and u E T, , (2.5) 

being S a nonempty open set in § 2 . Then there exists u E Hq n £°° smc/i that 
£h(su) — > — oo oss^ +oo. 

Proof. Thanks to the rotational invariance of the problem we may assume that £ 
is an open neighborhood of the point —e^ = (0, 0, —1). Furthermore, let us suppose 
that H(su) > H > for s > so and m£E. For S E (0, 1) let us define 

f </>(«) as |z| < 5 

u( * ) = \^(^) »*<w<i. 
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where 0:R 2 -> § 2 is the function introduced in (|2~Tj) . It holds that G n 
and u 5 parametrizes the boundary of the sector of cone defined by 

A 5 = {teR 3 : cos 9 5 >£-e 3 , |f| < 1} 

where 0$ — arccos j. % a . In addition one has that 

and for every s > 0, by the divergence theorem, 

Vtf ( SU 5 ) = - / d£ . 

Since 0(0) = — 63 and is continuous, we can find So £ (0, 1) such that <j>(z) G £ 
as |z| < 5o- Set zt = u s ° and A = Ag a . Therefore, by the hypothesis, for s > so one 
has 



Js A JsA\s A 

< V H (s u) - f H dt; 

J sA\s n A 



Then 



Vh(squ) - V Ho (s u) ~ s 6 \Vh (u)\ 



£h(su) < s 2 V{u) + 2(V H (s u) - V Ho {s u)) ~ 2s 3 \V Ho (u)\ 



Passing to the limit as s — > +00 we obtain the thesis. Finally, we observe that in 
case H(su) < Ho < for s > so and u € S, one can repeat the same argument 
taking v(x,y) — u(y,x). □ 



2.2. The mountain pass level 

Assume that H € C^M 3 ) n L°° is such that there exists u g C^°(R 2 ,R 3 ) with 
£h(u) < 0. In particular, this excludes the case H = 0. Then, let 

ch = inf sup £h(su) . (2-6) 

u€Cg°C* 2 ,» 8 ) s>0 

Note that ch is well defined and, thanks to Lemma 12.11 it is positive and finite. In 
particular, by (|2.3|) . one can estimate 




where Sh is the isoperimetric constant associated to H. 
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Remark 2.6 When H (u) = Hq e R \ {0}, the volume functional is purely cubic 
and one can easily prove that 

Cffo = ( -f 2 " ) = 4tT2 = £ h«(u Q ) = sup£ Ho (suj ) 
\ 6 J 6n s> q 

where w° = and </> is defined in (|2.ip . Notice that u° is a conformal parametriza- 
tion of the sphere of radius |Ho| _1 centered at the origin, it satisfies Aw° = 
2H u; x A w° on R 2 , V{ui°) = ||, and V Ho (to°) = 

The results that follow better explain the role of the condition (hi ) with respect 
to the definition of ch- To this extent, we point out that, since problem p.l[) is 
invariant under translations, in the assumption (hi) we may suppose that £ = 0. 
Hence, setting: 

M H = sup |VH(u) ■ u u\ (2.7) 

ueR 3 

the hypothesis (hi) reads: Mh < 1- It is convenient to introduce also the value 

M H = 2 sup \{H{u) - 3m H (u))u\ . (2.8) 

net 3 

In fact, several estimates in the sequel need a bound just on Mh- 
Remark 2.7 (i) By (|2.2[) and by the definition of run, it turns out that Mh < 
Mh, but the strict inequality may also occur. Indeed one can construct functions 
H e C^M 3 ) such that M H = +oo, while M H < +oo. 

(ii) If H e C 1 ^ 3 ) satisfies M H < +oo then it turns out that H e L°°(R 3 ). 
Furthermore, for every u € S 2 there exists lim s ^ +co H(su) = H(u) G K and H £ 
C°(§ 2 ). Thus, if Mh < +oo, then the condition (|2.5| used in Lemma l2~5l is verified 
whenever limsup s ^ +00 \H(su)\ > for some u G S 2 . 

First, we give a positive lower bound on the energy of any ii-bubble. 
Proposition 2.8 Let H S C 1 (R 3 ) satisfy (hi). I/a; is an H-bubble, then £h(v) > 

CiJ. 

The proof of Proposition 12.81 is based on the following Lemma. 

Lemma 2.9 Let H e C^R 3 ) satisfy M H < 1 and let u e Hq 1 n L°° \ {0}. 

(i) If sup s>0 £h(su) < +oo then £h(su) < as 2 — bs 3 for every s > 0, with a, b > 

depending on u, 

(ii) if £h{squ) < for some sq > then sup s>0 £h{su) — max s6 j so i £h{su), 
(Hi) if sup s>0 £h(su) — £h(su), then Vh{su) < 0. 

Proof. Fix u S Ho 1 n L°° \ {0} and set f(s) = £ ff (sw) for every s > 0. Notice that 
/ is differentiable and 



f'(s) = s J |Vu| 2 + 2s 2 / H(su)u-u x Au v 
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Using (|2.8p . one has that 

f(s) < -(1 - M H )V(u)s + -f(s) . (2.9) 

s 

If sup s>0 f(s) < +oo, since Mh < 1, (|2.9p implies that limg^+oo /' (s) = — oo and 
then there exists Sq > such that f(s) < for s > s . Setting a = (1 — Mh)T>{u) 
and integrating (|2.9|) over [so, s] one obtains 

/(s) <(Z%)_ A) S 3 + Ss 2 (2 . 10) 

V 4 s j 

for every s > sq. Keeping into account that f(s) — s 2 T>(u) + o(s 2 ) as s — > + , one 
can find a > a such that 

for every s > 0, namely (i). Now, let us prove (ii). If /(so) < 0, by (|2.10p , one 
infers that sup s>0 f(s) < +oo. Moreover (|2.9p implies in particular that f'(s) < 
whenever f(s) < 0. Hence also (ii) holds true. Finally, if sup s>0 £h (su) — £h(su), 
then f'(s) — 0, and consequently, by (|2.8p . 

3V ff (su) = 3VhM - s/'(s) < -s 2 (\ - D(u) < , 

that is (Hi). □ 

Proof of Proposition ^. 8l By Remark l2.4l an ii-bubble u> is smooth and bounded. 
Moreover the mapping /(s) = £h(soj) is well defined, and twice differentiable on 
(0, +00), with 

f"( s )= / |Vw| 2 + 4s/ H(su)lu ■ oj x Auj y + 2s 2 / VH(suj) ■ oj oj ■ u x A u> y . 
Jd Jd Jd 

Since Mh < 1, one obtains that 

f"(s) < -2(1 - M H )V(u) + -f'(s) . (2.11) 

s 

In particular, by (|2.1ip . if f'(s) = for some s > then /"(s) < 0. This shows 
that there exists at most one value s > where f'(s) = 0. In fact, one knows that 
/'(l) = because of (J23|). Hence sup s> Q /(s) — /(l) and, arguing as in the proof 
of Lemma [2~9| f(s) — ► —00 as s — > +00. Now, for every <5 g (0, 1) let 1/: 1? — * K 3 
be defined as follows: 

f as \z\ > S 

(tS 1 " as <5 2 < \z\ < 6 

(^-l)(<A*)-"=o)+"=o as 5 4 < |^| < 5 2 

[uj 5 (z) as|z|<<5 4 



u 5 (z) 



186 P. Caldiroli & R. Musina 



where Woo = lim\ z \^ 00 (jj(z), and uj s (z) = Note that u s € Hq n £°° and 



< ||w||oo- Let us set /«(s) = £h(su ). We claim that for every s' > 
sup |/ a (s)-/( a )|->0 as 5^0. 

sG[0,s'] 



(2-12) 



Assuming for a moment that (]2 . 1 2[) holds, let us complete the proof. Let sq > 1 be 
such that f(so) < 0. By ()2.12[) . for S > small enough, fs(so) < and then, by 
Lemma EH sup s>0 fs(s) is attained in (0, so). Hence, using again (|2.12|) . we have 

c H < sup/ 5 (s) = max f s (s) < max f(s) + o(l) = /(l) + o(l) . 

s>0 s6[0,s ] sG[0,s o ] 



Therefore the thesis follows. Finally, let us prove the claim (|2 . 1 2[) . For every s > 
we can write 



fs(s)-f(s) = s 2 



<■> I 2 



M><5 4 



\Vu\ 



\z\>S-* 



2s 3 [ / m H (su s )u s -u S x Aut 
\ x \>s* 



m,H(suj)uj ■ u> x A uj y 



\z\>5-i 



We observe that 



m,H{su s )u s ■ u s x Au 



M><5 4 



rriH(suj)uj ■ lo x A u> % 



l\*\>6-i 

Moreover, one can check that 



< HmHlloolHloo / |V?/| 2 

J\z\>S«- 

_ || rflH || oo 1 1 ^11 oo 



|Vu 



S I 2 



as S -► , 



|z|>^ 



and, since w € X, also 



|Vwr->0 as<5->0. 



I*l>«-1 

Therefore (|2 . 1 2[) immediately follows and this concludes the proof. □ 

Notice that the full condition Mh < 1 enters just in the previous step. Now we 
are going to prove two technical Lemmata that will be used in the sequel. 
Lemma 2.10 Let H S C 1 ^ 3 ) satisfy M H < 1. Then c H < c\ H for every A G 
(0,1]. 

Proof. Firstly, notice that for A £ (0,1], the isoperimetric inequality f|2.3|) holds 
true also for XH (with S\h = X~^Sh), arid then the value c\h is well defined 
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and positive. Suppose that it is finite and, given e > 0, let u G C^°(M 2 ,R 3 ) \ {0} 
be such that sup s>0 £\h(su) < c\h + £■ Since M\h = XMh < 1, by Lemma 
I2.9[ linis^+oo £\h{su) = -co. In particular, V\h(su) < for s large. Hence 
£h{su) < £\h{su) < for s large. Using again Lemma EH there exists s > such 
that sup s>0 £h{su) = £h{su). Furthermore Vh{su) < 0. Therefore 

ch < £h{su) = £\ H (su) + 2(1 - X)Vh(su) < £\ H (su) < swp£\ H (su) < c X h + e ■ 

s>0 

Then the thesis follows because of the arbitrariness of e > 0. □ 

The next result states the upper semicontinuity of ch with respect to H. 
Lemma 2.11 Let H e C^M 3 ) satisfy M H < 1. Let (H n ) C C^R 3 ) be a sequence 
of junctions satisfying Mjj n < 1, and such that H n — > H uniformly on compact sets 
of R 3 . Then lim sup n ^ +oc cn n < ch ■ 

Proof. Suppose that ch is finite and, given e > take u E C^°(R 2 ,R 3 ) \ {0} such 
that sup s>0 £ h {su) < ch + e. One can check that lim„^ +00 £ jj„ {su) = £h{su) 
for every s > 0. By Lemma [231 £h(sou) < for some so > 0, and then also 
£h„(sou) < for n S N large enough. Therefore, since H n satisfies Mn n < 1, using 
again Lemma [2.91 sup s>0 £ h„ (su) = £h 71 {s ti u) for some s n € [0, Sq\. Then, for a 
subsequence, s n — > s and, since H n — > _ff uniformly on compact sets, £ff n (s„u) — > 
£h{su). Consequently one has 

ch„ < £H Tl (s n u) — £h{su) + o(l) < sup£f/(su) + o(l) < ch + e + o(l). 

Passing to the limit as n — > +oo and taking into account of the arbitrariness of 
e > 0, the thesis is proved. □ 

Lastly, we give an estimate for ch from above. Here, just the assumption (hoc), 
and in fact a more general condition, is enough. 

Lemma 2.12 Let H 6 C 1 (R 3 ) satisfy ()2.5|) for some nonempty open set E C § 2 . 
Then ch < 

Proof. As in the proof of Lemma 12.51 we may assume that E is an open neigh- 
borhood of the point — e% = (0,0,-1) and that H(su) > H > for s > s and 
u € E. Let us consider the function w°:M 2 — + M 3 defined as in Remark 12.61 For 
every r > set u r = uo° — re 3 . Notice that cu r is a conformal parametrization of a 
sphere of radius r o = -jj^ an d center — re 3 . Hence, using the divergence theorem, 
one has that 

V H (suj r ) = - [ H(0 d£ = -s 3 / H(s£ - se 3 ) d£ . (2.13) 

JB sra (~se 3 ) JB ra (0) 

Setting s r — ■^z^r an d using (|2. 13[> . one obtains that for s 6 [0, s r \ 
£h(su t ) < 4n(r s r ) 2 + ^H^Uro*,-) 3 = 0{s 2 r ) , 
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while, for s > s r , by the hypothesis (|2.5|) . one has 



3 - 3i/ 2 



Then 



for r > large enough. Now, as in the proof of Proposition 12. 8[ one can construct 



f 47T 1 47T 

sup£„(^ r ) < max -j,0(«?) = — 5 (2.14) 
s>0 L oii J dii 



i/ 



S i?o n L°° such that sup s>0 £ H (su r > s ) < sup s>0 £ H (suj r ) + o(l), with o(l) -> 
as 5 — * 0. Hence, by (12. 14[) . one obtains ch < 4m + tnat is, the thesis. □ 

From the previous proof, one immediately infers the next estimate. 
Corollary 2.13 Let H e C^M 3 ) satisfy (hoo). TTien c H < //, in addition, 

H{u) > Hoc > for \u\ large, then ch < 3 ^> ■ 

3. Approximating problems 

Aim of this Section is to introduce a family of perturbed energy functionals having 
a mountain pass critical point at a level which approximate the value ch introduced 
in the previous Section. 

The advantage in following this procedure (already used in a different framework 
by Sacks and Uhlenbeck [15]) is due to the possibility to obtain some uniform global 
and local estimates on the critical points of the perturbed problems. 

Thus, for every a > 1 (a will be taken close to 1) we consider the Sobolev space 
Hq' 2 " = Ho' 2a (D,R 2 ) and the functional £%:H^ 2a -► R defined by 



It is convenient to denote 



va(u) = h L ((1 + |Vu|2)Q - ^ 



Since H 1,2a L°° DH 1 , the functional turns out to be well defined and regular 



on -ffp' 2 ", wnen -ff is anv bounded, smooth function. More precisely, is of class 
C 1 on i?o' 2Q and 

d£%{u)h= j {l + \X7u\ 2 ) a - 1 X7u-X7h + 2 I H{u)h-u x Au y 

J D JD 

for every u,h G -ffg' 2 " (see [TT]). 

Our first goal is to prove that for every a > 1 sufficiently close to 1 the functional 
£fl has a mountain pass geometry and a corresponding mountain pass critical point, 
as stated in the following result. 
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Lemma 3.1 Let H G C 1 ^ 3 ) n L°° be such that there exists «gC™(D,1 3 ) with 
£h{u) < 0. Then there exists a > 1 such that for every a G (1, ci) the class 
T a = {7 G C([0, l],i/ 1,2 ") : 7(0) = 0, £&(7(1)) < 0} is nonempty and the value 

Cr = in f max ££( 7 (s)) 
7er» sg[o,i] 

is positive. 

If in addition Mh < +00 i/ien /or every a G (1,5) t/iere exists u a G i/p' 2 " smc/i 
i/iai ££(w a ) = c% and d£ H (u a ) = 0. 

The second step consists in obtaining some uniform estimates on the mountain 
pass critical points u a of the perturbed functionals £ H - 

Proposition 3.2 Let H G C 1 (R 3 ) be such that Mh < 1 and, for every a G (l,a), 
let u a G -ff 1,2 " 6e £/ie critical point of £ H at level c H given by Lemma [3A\ Then 

limsup£#(u Q ) < ch , 

sup ||Vu a || 2 < +00 , 
ae(i,a) 

inf ||Vu a || 2 > , 
ae(l,a) 

where ch is defined by (|2.6[) . //, in addition, H(u) = Hq for \u\ > Rq, for some 
Rq > 0) then 

SUp ||u a ||oo < +OO . 
ag(l,a) 

The proofs of Lemma I3TT1 and Proposition 13. 21 will be carried out in Subsections 
3.1 and 3.2, respectively. 

The last result of this Section states the behaviour of the family of the mountain 
pass critical points u a in the limit as a — > 1. This result describes a blow up 
phenomenon, and it will be proved in the Appendix, in a more general situation. 

Proposition 3.3 Let H G C^R 3 ) be such that M H < 1 and H(u) = H for 
M > Rq, for some Ro > 0. For every a G (1, a), let u a G H 12a be the critical point 
of £ H at level c H given by Lemma \3.1\ Then, there exist sequences (e a ) C (0, +00), 
(z a ) C D, a number A G (0,1], and a function lu G X n L°° such that, setting 
v a (z) = u a (e a z + Za), for a subsequence, one has: 

(1) e a — > U and e a ' — ► A , 

(ii) v a — ► to strongly in Hj oc (K , K ) and uniformly on compact sets ofM 2 , 
(Hi) lu is a nonconstant solution to Alu — 2XH(lu)lu x A ui y on R 2 , 
(iv) £\h((jj) < Aliminf Q ^i £ H (u a ). 
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3.1. Proof of Lemma HO 



Lemma 3.4 Let p 6 (0, (%-) 3 ^ 2 ] &emg S# given &y (|2.3p . Then, for every u € 
H Q ' a such that ||Vu||2 < p one has £ff(u) > iZ>(u). 

Proof. Using the inequality (1 + s 2 ) a > 1 + as 2 , one infers that £ %{u) > £h{u) for 
every u G H Q ' a . In addition, by the isoperimctric inequality (|2.3[) one has (u) > 
X>(u) - 2S ff 3/2 X>(w) 3/2 - Therefore ||Vu|| 2 < P implies > (1 - V^S^ 2 p)T>(u) 

and the thesis follows since p < (^f-) 3 / 2 - □ 

Lemma 3.5 If u € H^ 2a for some a > 1, then £^{su) — ► £h(su) as a — > 1, 
uniformly with respect to s € [0, a] /or every s > 0. 

Proof. The thesis follows by the estimate 

< £%{su)-£ H {su) = — ( ((l + s 2 |Vu| 2 )"-l-as 2 |Vu| 2 ) 

< — f (2 a - 1 -l + 2 Q - 1 s 2Q |Vu| 2Q -as 2 |VM| 2 ) , 
2a J D 

and by standard techniques. □ 

Lemma 3.6 J/ -Mjj < +oo i/ien /or a G (1, | ) the functional £f l satisfies the 
Palais-Smale condition on Hq' 2 " 1 . 

Proof. First, note that for every u € Hq' 2o: , using (|2.8p one has 

3££(u) - d£%(u)u > ( ^- - 1 ] £> Q (u) + 2 / (3m H (u) - ff(u))u ■ u x Au y 



D 



Hence, 

3 



: l^-l)l|V M ||^-^||V u || 2 



. )fi 1 J ||V M || 2 « < M ff C Q ||V U || 2 Q + ||dE£(u)|| ||V«|| aa + 3ff («) . (3.1) 

Now, let (it n ) C Hq' 2 " be a Palais-Smale sequence for f^. By (|3.ip the sequence 
(u n ) is bounded in H^ 201 . Then, there exists u £ Hq ,2o: such that (for a subsequence) 
u n — > m weakly in H 1,2a and uniformly on D (by Rellich Theorem). We need the 
following auxiliary result (see [3], for a proof): 

Lemma 3.7 Let (it"),(v™) C Hq n &e swc/i t/iaf it" — > u weakly in H 1 and 
v n — > v uniformly. Then 

V n ■ u™ A Uy — > / v ■ u x A u y . 
D JD 
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Since for every h € ffg' 2a 

/ (1 + \Vu n \ 2 ) a - 1 Vu n ■ Vh + 2 [ H{u n )h • u™ A u™ — > 

JD JD 

as n — > +oo, thanks to Lemma 13.71 we obtain that d£fj(u) = 0. In particular 
= d£%(u)(u n — u) = d"D a (u n )(u n — u) + o(l). On the other hand, we can use again 
LemmaGOto get o(l) = d£^(u n )(u n - u) = dV a (u n ){u n - u) + o(l). Therefore, 
(dT> a (u n ) — dV a (u))(u n — u) = o(l). Finally we note that T> a is strictly convex on 
Hq ,2cx , and hence dV a is strictly monotone. This readily leads to the conclusion. □ 

In conclusion, we notice that the first part of Lemma 13. II is an immediate conse- 
quence of Lemmata 13.41 and 13.51 The existence of the critical point u a is obtained 
as an application of the mountain pass theorem, and by Lemma 13.61 

3.2. Proof of Proposition\37M 

In order to show the first estimate, it is useful to introduce, for every a € (l,ct), 
the value 

c^ = inf sup £tf(su) . 

uEHq' 2q s>0 

Lemma 3.8 Let H e C^R 3 ) satisfy M H < 1- Then limsup^-L c% <c H - 
Proof. Fix e > and take u € C^°(D,R 3 ) such that sup s>0 £h(su) < ch + £■ For 
every s > 0, using Lemma |2.9[ one has 

£% (su) = V a {su) - V(su) + £ H (su) 

< C (s 2a + 1) - Cis 3 (3.2) 

with Co, Ci > depending just on u (and not on a). Therefore, for a € (1, |) there 
exists s a > such that £^(s a u) = sup s>0 £fj(su). From (|3.2p it follows that s a 
is uniformly bounded. Then, by Lemma 13.51 Unio^i £^j{s a u) — £h{su) for some 
s > 0. Hence, limsup^^ < cr + e and the thesis follows by the arbitrariness of 
e > 0. □ 

Concerning the Hq bounds we have the following result. 
Lemma 3.9 Let H € C^R 3 ) satisfy M H < 1. If u G i? ' is a nonzero critical 
point of £ft, then 

where Sh is given by (|2.3[) . 
Proof. Using (|2.8p one has 

3£g(u) = 3X>"(u)-dX> Q (u)u + 2 / (3m H (u)- H(u))u-u x Au y 

JD 
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, 3 

> 

■ 2 



L 1 )/ B ( 1+l „ ll riv.f + i/ o ((. + iv B f 



2 



|Vd 2 



D 



Moreover, by (|2.3|) and (|2.8|) again, one has 

22?(u) < / (1 + IVuI 2 )"" 1 |Vu| 

JD 



= — 6Vjf(u) + 2 / (3mg(«) — H(u)) u ■ u x A u y 

< 6S , ^I?(u)5 +M H V(u) . 
Since it ^ one gets the thesis. □ 

Finally, to show the L°° bound, H is asked to be constant far out and the 
following estimate holds. 

Lemma 3.10 Let H G C^M 3 ) be such that H{u) = H for \u\ > R , where R > 
is given. If u £ H^ 2 " is a critical point of then 

IMloo < C\H \ ||Vw|| 2 + i? 

where C is a universal positive constant (independent of a, Ro, Ho and u). 
Proof. If u € H^ 2a is a critical point of £fj, then u is a weak solution to problem 

f div(a Q (z)Vw) = 2H(u)u x A u y in D 
I u = on <9£) 

where a Q (z) = (1 + |Vw(z)| 2 ) Q_1 . Fix R > R and let fio be a component of 
{z £ D : \u{z)\ > i?}, if there exists. Since u is continuous, the set f2 is nonempty, 
bounded, open and connected, and |u| = R on c?f7 - Taking <5 G (0, R— Rq) one 
can find a bounded, smooth domain f2 = Q$ close to i7 such that |u(z)| > R for 
z G ri and |u(z)| < i? + <5 for z G dil. Hence u satisfies 

div(a Q (z)Vw) = 2Hqu x Au y on Q . (3-3) 

For every k G N let a k a — min{a Q , k} and let ip k be the solution to problem 

/ div(a^(z)V^) = g in fi ,„ 
\g5 = ondft V ' 7 

where g = 2Hqu x Au v . Since a\ is a continuous bounded function on and a* > 1, 
by a result of Bethuel and Ghidaglia, Theorem 1.3 in [T], there exists a constant 
C > such that 

H/Hoc + || V=|| 2 < C\H \ \\Vu\\ 2 (3.5) 
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and C is independent of k, a, ft and u. Hence the sequence (<p k ) is bounded in Hq (ft) 
and thus, there exists ip £ Hq(£1) such that, for a subsequence, ip k — > ip weakly in 
-ffo(ft) and pointwise a.e. We remark that a a G L 531 (ft) since u € i? ' In 
particular a a S L 2 (ft) for a < 2 and a„ — > a Q strongly in L 2 (ft). By (|3.4|) for every 

' a*(z)Vy>*-V/i = - / 



Hence, by a standard limit procedure, we obtain that for every h £ C£°(ft) 

/ a Q (z)V(p • V/l = — I gh 
Jn Jn 

that is, ip is a weak solution to 

( div (a a (z)Wip) = g in ft _ g , 

[ 95 = on 3ft . 

Moreover, by (|3.5|) we also get 

IML + llV^Ha < C|F„| IIV^HI . (3.7) 



Now, we observe that, thanks to (|3.3p and (|3.6j) . the function ?/> = u — i/p is the 
solution to problem 

div(a a (z)V-0) = in ft ,„ 
V-> = u on 9ft 

and it can be characterized as the minimum for the problem 



inf 



a Q (z)|VVf : ip £ u + # x (ft)} . (3.9) 



Hence Halloo < R + 5. Otherwise, if P denotes the projection on the disc Dn+s 1 
that is 

z \i\z\<R + S 

(R + 5)-fa if \z\>R+ 5, 

then ip — P o ip will be a solution to ()3.9|) and then to (|3.8jl . In conclusion, using 
(I3~7D . 

||u||oo < Halloo + IWoo < <?l#o| l|Vu|| 2 , + i? + <5 , 
and by the arbitrariness of R > Ro and S > one gets the thesis. □ 

Finally, Proposition 13 . 21 follows by Lemmata l3.8| I5~9l and 13.101 noting that c% > 
4. Proof of the main theorem 

Here we give the proof of Theorem ll.il First, as a preliminary result we consider the 
case in which H is constant outside a ball (Subsection 4.1). Then, in Subsection 4.2, 
we remove this condition, just asking H to be asymptotic to a constant at infinity, 
according to the assumption (h^). 
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4.1. Case H constant far out 

The results obtained in the previous Sections allow us to deduce the existence of 
an iJ-bubble when the prescribed curvature H satisfies (hi) and is constant far out 
(this last condition enters in order to guarantee an L°° bound on the approximating 
solutions). More precisely, the following result holds. 
Theorem 4.1 Let H G C 1 (1R 3 ) verify (hi) and the following conditions: 

(i) there exists u <E C£° (R 2 ,JR 3 ) such that £ H (u) < 0, 

(ii) there exists Rq > and Hq S R such that H(u) = Hq as \u\ > i?o- 

Then there exists an H-bubble to such that £h(u>) = ch, where ch is defined by 

{up . 

Remark 4.2 Suppose that in the assumption (ii) Hq ^ 0. Then, by Lemma 
12.51 the condition (i) is automatically fulfilled. Moreover, in this case problem 
(jl.ip admits the (trivial) solution w° which parametrizes a sphere of radius |iZo| 
placed in the region |u| > Rq. However, the additional information on the energy 
of the iJ-bubble ui makes meaningful the above result, since if ch < ^Mr then to is 
geometrically different from uj° . 

Proof. From the assumptions (i) and (ii), and since Mh < 1, thanks to Proposi- 
tions 13.21 and 13.31 there exists a function u> £ X n L°° which is a Aii-bubble with 
A e (0, 1] and £\h{u) < Xch- Since Mh < 1, by Proposition 12.81 ( applied with XH 
instead of H), £\h{^) > c\h- Finally, Lemma [2.101 implies £\h{oj) > ch- Then 
A = 1 and the Theorem is proved. □ 

4.2. General case 

Now we want to remove the hypothesis that H is constant far out, by requiring 
just an asymptotic behaviour at infinity as stated by (hoc). To this aim, we will 
use the condition (*). Our argument consists in approximating H with a sequence 
of functions (H n ) C C 1 (M 3 ) satisfying the hypotheses of Theorem 14.11 and then 
passing to the limit on the sequence (oJ n ) of the corresponding H„-bubbles. The 
information on the energies £n n {uj n ) together with the condition (*) will permit us 
to obtain some L°° bound on the sequence (w™), and then to get the result. 

Thus, let us start with the construction of the sequence (H n ). 
Lemma 4.3 Let H S C 1 (R 3 ) satisfying (h^) and let M H be defined by (|2.7p . Then 
there exists a sequence (H n ) C C 1 (R 3 ) such that: 

(i) H n — * H uniformly on R 3 , 

(ii) for every n 6 N there exists R„ > such that H n (u) = i/oo as \u\ > R n , 
(Hi) sup ueR3 \WH n (u) ■ u u\ := M Hn < M H . 
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Proof. It is not restrictive to suppose = 0. Hence, for every u £ M 3 \ {0} one 
has 

/*+oo 

H{u) 



WH(su) ■ u ds 



Let x G C°°(R, [0, 1]) be such that X (r) = 1 as r < 0, X (r) = as r > 1 and \ X '\ < 2. 
Given any sequence r„ — > +oo set x„(r) = x( r — r„) and 

/•+0O 

H n (u) = Xn(s\u\)VH(su) ■ u ds 



for every «el 3 \ {0}. By continuity, H n is well defined and continuous on R 3 . In 
fact H n € C^R 3 ) and for each u e R 3 \ {0} 



VH n {u) ■ u = —H n (su) 
ds 



= Xn(\u\)VH(u)-u. (4.1) 



Therefore (Hi) holds true. By the definition ofH n , one has H n (u) = as \u\ > r n +l. 
Thus (ii) follows, with R n = r n + 1. Moreover (|4.1[) implies (in). Now, notice that 

H"„(«) = Xn(|tt|)H(«) + jf " + X ' n (i)# (*^|) * • (4-2) 
Setting e„ = supi u i >rn |if(it)|, one has that 



>-„+i 



xU*)* (^) * 



< 2e, 



|(Xn(|«|)-l)ir(t»)| < 2e„. 

Hence, (|4.2j) implies that |£f n (u) — -ff(u)| < 4e ra for every a e I 3 and then, since 
e n — > 0, also (i) is proved. □ 

As a further tool, we also need the following result. 
Lemma 4.4 Let (H„) C C^R 3 ), iJoo € R and (w n ) ClflL 00 6e suc/i t/iaf; 

(z) H n — > i?oo uniformly on compact sets, 

(li) sup„ (||VJ)"|| 2 + ||£' l ||oo) < +oo, 

(m) /or every n £ N </ie function uj n solves Aw" = 2H n (uj n )Cj™ A d>™ on ]R 2 . 
TTien Hoo^O and limM £g n (Q n ) > 3^-. 

Proof. From the assumption (iz), there exists w G X n £°° such that, for a subse- 
quence, Vw" — > Vw weakly in (L 2 (R 2 , R 3 )) 2 . Thanks to the invariance of ff-systems 
with respect to dilations, translations and Kelvin transform, we may also assume 
that llVcI^lloo = |V(I>™(0)| = 1. Then, arguing as in the proof of Proposition lA.il 
using the hypotheses (i)-(m), one can show that u> is an Hoo-bubble, and Q n — > uj 
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strongly in ff^ c (M 2 ,R 3 ) and in L^ C (M^ M 3 ). In particular it must be ^ 



(there exists no 0-bubble in X). Furthermore, for every R > 0, one has 



d£j r ' 

ldD R 9U 

where, in (|4.3[) . we used the notation: 

1 



£ Sn (u n ,D R ) - Eh^Dr) 

dui 

dv 



(4.3) 
(4.4) 



£/r(u, Q) = - |Vu| 2 + 2 / m H {u)u -u x Au y 



Now, fixing e > 0, let i? > be such that 

|f Hao (a;,R a \Ufl)| <e, (|#oo| |M|oo + l) 



|Vw| 2 < e 



Multiplying Aw = 2H 00 lo x A uj y by w and integrating over R 2 \ we find 

3w 



IdDr dv 
Then, by (|4.4[) . one has that 



/ (lj ■ Auj + |V u 



< e 



dD r , 



dv 



< c + o(l) 



(4.5) 



Now we multiply AJ) n = 2H n (Cb n )u) x l A a;^ by £>" and we integrate over R 2 \ D R to 
get 



dDji dv 7r2\u 



v,n|2 



|Vw"| 2 + 2 / #„(£")£" Aw™ 
3£ n {Co n ^ 2 \D R )~ l - ( |Vw r ' 

* JM 2 \D a 

(H n (Cj n ) - 3m dn (u> n ))u> n ■ A 

|Vw"| 2 (4.6) 



+2 



/R 2 \_D R 

< 3£ 5 (J)",R 2 \L> 



where p = sup„ ||w n ||oo, and [i n — sup| u | <p \H n (u) — 3mg (u)\. Hence (|4.5[) and 
(|4.6p imply 

e Sn (G> n ,VL 2 \D R ) > -| + o(l) , 
because, by (i), //„ — > 0. Finally, we have 

E ffoo {uj)-e < £ Hoo {ui,D R )=£ Sn (u> n ,D R ) + o(l) 

= £ Sii (u, n )-£jjJu, n ,R 2 \D R )+o(l) <£a n (ti n ) + | + ■ 
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Hence, by the arbitrariness of e > 0, one obtains liminf £jj (w n ) > £h x (w) and the 
thesis follows by Remark 12.61 □ 



Proof of Theorem ll.il Let (H n ) C C 1 (R 3 ) be the sequence given by Lemma l4~3l 
From Theorem 14. 11 for every n there exists an i?„-bubble uj n such that £u n (ui n ) — 
ch„ ■ By Lemma 12.111 one has that 

hmsup£#„(w") < c H ■ (4.7) 

n — >+oo 

We point out that if we prove that sup n Hcj"!)^ = R < +oo, then we have concluded, 
since for n large, H(u) — H n (u) as \u\ < R. To this goal, as a first step, we show 
that 

IK-wS,||oo<Ci (l+ [ (4.8) 



where uj^ = ]jmu\- tO0 LJ n (z) and C\ > depends only on ||i?||oo- This is a con- 
sequence of an a priori L°° estimate proved by Griiter [7j (see also Theorem 4.8 
in [2]). More precisely, fixing an arbitrary 8 > 0, for every n there exists p n > 0, 
depending on 8, such that if \z\ > p n then \u> n {z) — w^j < 8. Let us set 

7 n (z) = uj n ( Pn z) - w» as z e dD 
u n {z) = oj n {p n z) -uj^ as z e D . 

Thus u n is a smooth and conformal solution to 

Au n = 2H n (u n )u™ A Uy in D 
u n — 7™ on 3D , 

where H n (u) = H n (u + w^). Hence, by [7], 



with C > depending on ||i/„||oo = ||-ffn||oo- Since H n — ► H uniformly on K 3 , 
actually, C is independent of n, but depends only on HiTH^. Then 

\\u n - wilU-CRa) < 8 + \\u n \\ L - (D) < 28 + C (l + |Wf ) . 

Therefore l|4.8[) holds true. As a second step, we show that for every n 

\Woj n \ 2 < C 2 (4.9) 

R 2 

where C2 > depends only on H. Indeed, by (|2.7|) . using (|2.4|) . one has (1 — 

M Hn )V(uj n ) < 3£ Hn (oj n ). Since M Hn < M H , from gj]) it follows that 

n|2 - 6c # 



hmsup / |Vu/^ — -1 
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and thus (|4.9|) is proved. Consequently, by (J478J) , one obtains 

||w n -<||oo<C 3 (4.10) 

with C3 > independent of n. As a last step, let us show that sup„ < +00. 
We argue by contradiction, assuming that (for a subsequence) — > +00. Since 
-ff n — > _ff uniformly on R 3 , by (hoc), we have that H n — ► i?^ uniformly on compact 
sets. Moreover, (2>™(z) = w n (z) — is an iJ n -bubble and, thanks to (|4.10|) and 
(|4.9|) . we can apply Lemma |4~4"1 to infer that Hoo ^ and 



— ^- < liminf^ n (o; n ) = liminf £ ff „ (w n ) . 

Then (|4.7p implies that 3^3- < cy, contrary to the condition (*). Therefore, we 
have that suplw^l < +00, that, together with (|4.10|) . gives the desired estimate. 
This concludes the proof. □ 

We end the work, by making some comments about the case of radially sym- 
metric curvatures. 

Example 4.5 Let H £ C 1 (M 3 ) be a radial function satisfying (hi) and (hoc) with 
Hoo 7^ 0. Given cf>: M. 2 — > S 2 defined by ()2.1j) . and p > 0, the mapping p<f> is a solution 
to i.e., it is a radial ff-bubble, if and only if p|_ff(p)| = 1. In this case the 

energy of this radial ii-bubble is ^^(p) 2 • Clearly, since H is regular and 7^ 0, the 
equation p\H(p)\ = 1 always admits positive solutions. Now, suppose, in addition 
that the condition (*) holds true. This happens, for instance, if H(p) > Hoo > 
for p large. Then, there exist iJ-bubbles with minimal energy ch < 3 jp ■ Hence, 
these minimal ii-bubbles cannot be radial if \H(p)\ < Hoo whenever p\H(p) \ = 1. 
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A. Appendix 

A.l. Convergence of approximating solutions in a 
Sacks- Uhlenbeck type setting 

In this Appendix we study the behaviour of sequences of solutions of approximating 
problems of the type 

div((l + IV^I 2 )"-^) = 2H(u)u x A u y in D 
u = on dD 

in the limit as a — > 1 + . More precisely, we assume that for every a £ (1, a:) a 
function u a £ H^' 2a is given, in such a way that 

d£«(u a ) = 0, (A.l) 
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sup (||M a || co + ||Vu tt || 2 )<+oo, (A.2) 
c*e(i,<5) 

inf ||Vu"|| 2 > . (A.3) 
ctG(l,a) 

The first main result is non- variational and concerns a blow up analysis of sequences 
of approximating solutions. We point out that this result applies to any sequence 
of functions satisfying (|A.lj) - (|A.3j) . 

Proposition A.l Let H € C^R 3 ) n L°° and for every a e (l,a) let u a € H^ 2a 
satisfy (|A.lj) - (|A.3j) . Then, there exist sequences (e Q ) C (0, +00), (z a ) C D, a 
number X £ (0, 1], and a function lu 6 X n L°° such that, setting v a {z) = u a (e a z + 
z a), for a subsequence, one has: 

(i) e a — > and ea" ^ — > A . 

(it) v a — * a; strongly in (SL , M 3 ) anc? uniformly on compact sets ofM 2 , 
(Hi) lu is a nonconstant solution to Aw = 2XH(uj)uj x A Wj, ok R 2 . 

Notice that, according to Proposition lA.li in the limiting problem the curvature 
function is XH, with A € (0, 1], and not necessarily A = 1. 

The second important result of this Appendix is variational and states a semi- 
continuity property, under an additional assumption on H, involving the value Mh 
defined by l|£g]) . 

Proposition A.2 Let H e C^R 3 ) be such that M H < 1. For a G (l,a) tet 
u a £ H^ 2a satisfy |A~T|) - (|A~3|) . and Ze£ A e (0, 1] and lu e X n i°° 6e gfiuen 6y 
Proposition \A.1[ Then 

£\h(u) < Aliminf££(M Q ). 

a—>\ 

To prove Proposition lA.il first of all we need some local estimates on the family 
(u a ). This will be developed in Subsection A.l. Then the proof of Proposition lA.il 
will be performed in Subsection A.2. Finally, Proposition IA.2I will be proved in 
Subsection A.3. 

A.2. Local estimates (e -regularity) 

Here we study the regularity properties of critical points for £fj, following the 
arguments by Sacks and Uhlenbeck [15] . 

The first (minor) difference with respect to the framework of Sacks and Uhlen- 
beck paper lies in the nonlinear term. In [15j the Euler-Lagrange equation for the 
harmonic map problem involves the second fundamental form of the embedding of 
the target space N into an Euclidean space, instead of the curvature term. This is 
far to lead to any extra difficulty, since the invariance of the curvature term with 
respect to dilations makes computations even easier, in this case. 

The main difference with [15j concerns the L°° bound on the maps u under 
consideration. In their paper, Sacks and Uhlenbeck deal with maps u whose target 
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space is a compact Riemannian manifold, and therefore, they have a natural L°° 
bound on all maps u. On the contrary, the target space of our maps u is the 
noncompact space IR 3 , and hence we have no natural a priori bound. Therefore we 
have to ask it as an hypothesis. 

Another difference with respect to the proof of Sacks and Uhlenbeck is due to 
the presence of a boundary in the domain. However, this does not lead any extra 
difficulty. One can argue, for example, as in Struwe [19j . Proposition 2.6. 

The first result concerns global regularity for fixed a > 1, and it can be obtained 
as in [15], using Theorem 1.11.1' in [14] and Struwe [19], proof of Proposition 2.6, 
for the regularity up to the boundary. 

Lemma A. 3 Let H 6 C 1 (R 3 ) and let u £ Hg ,2a be a critical point of for some 
a > 1. Then u belongs to W 2,q (D, R 3 ) for every q G [l,+oo) and solves 



2<a - 1) , 9 . 2H(u) 

u = | Vu |2 ( ' v M )v u + (1 - 1 v ; |2 Vi u * A u v mD - ( A - 4 ) 



The second result of this Section concerns some local estimates for the solutions 
of the approximating problems (e -regularity) which are actually the same as in the 
celebrated paper [TS], and which are stated in the following Lemma (compare also 
with Lemma A.l in [5]). We restrict ourselves to make estimates in the interior of 
the disk, thanks to the extension argument by Struwe 19J. 

Lemma A. 4 (Main Estimate) Let H E C^IR 3 ) n L°° . Then there exist e = 
£(||-ff||oo) > 0, and for every p G (l,+oo) an exponent a p > 1 and a constant 
C p = CpQlHWaa) > 0, such that if a G [l,a p ) and u G Wf^(D,R 3 ) solves (|A.4jl . 
then 

\\Vu\\ L 2 {Dr{z)) < e ^> \\^u\\ h i, p(Dr/2(z)) <C p Rv~ 2 \\\!u\\ L 2 (Dr(z)) 



for every disc Dr(z) C D. 

Proof. Our arguments strictly follow the original proof in [15] . Let u be a solution 
to (j A.4|) for some a > 1. Fixing z G D, for R G (0, 1 — \z\) we expand Dr(z) to the 
unit disc D, and we define a map uj: D — > R 3 by setting 



w(C) = u(R( + z)~f 



u 

D R (z) 

A direct computation shows that w is a regular solution in D to the system 

Aw = 2 ( a ~ 1) ma VuWuj + 2 h r( uj ) w a w „ (A. 5) 

where F B (u) = ij 2 ^- 1 )^^ + f Dr{z) u). Note also that R-^'^WHrW^ <H=: 
1 1 H | loo. Now fix four radii | = ro < ri < r 2 < r% — 1 and three cut-off functions 
Pi G C*°°(M 2 , [0,1]) such that & = 1 on D n _ 1 , ^ = on M 2 \ D ri (i = 1,2,3). 
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Let K = maxi (||V<^j||oo + || V 2 c^^ || oo) ■ Our aim is to use equation (|A.5|) in order to 
obtain some estimate on ifiU). First, we point out some simple inequalities: 

\A(<piu)\ < tpi\Au\ + 2|V^| |Vw| + \Aipi\ \u\ , (A.6) 

and 

tfi(V 2 uj, Vuj)Vuj 



R , v ^ 2 < I^V^| < \V'(tpiu)\ + 2|V^| |Vo;| + |VVd M . (A.7) 

In order to handle the curvature term in (|A.5[) we observe that 2ifi(ui x A uj v ) — 
[((piw) x Au v +u x A(ipiU)y]-[(ipi) x (uAUy) + ((pi)y(<jj x Au>)] and hence \2ipi(u} x Au y )\ < 
2\V(<fii0j)\ |Vw| + \V(fii\ \uj\ |Vu>|. Therefore, we can estimate 

2ipiH R (u)uj x A uj y 



{ R2 + |Va _, < 2ff|V(^)| |Vw|+£T|V^| M |Vw| . (A.8) 

Multiplying (|A.5P by ipi and using (|A.6[) — (|A.8[) we obtain 

|A(^)| < 2(a-l)|V 2 (^^)|+6X Xl (|^| + |V^|) 
+2H |V(ww)| |Vw| + i? |V^| |u| |Vw| 

where Xi is the characteristic function of the set D ri . Thus, for all p G (1, +oo) we 
have 

\\A((piw)\\ L p( Dn ) < 2(a - 1)11^^11^3,^^) + 6K f ||w||ii>(u r4 ) + ||Vw|| iP ( Dr .)^ 

+ 2JT|| |V(piw)| |Vw| |U P(0r .) + M |Vw| Hlp(a^)- (A.9) 

Since w has zero mean value on D, we have that for every p 6 (1, +oo) 

||w|| i ».(23 t . 4 ) < CpUVwH^p) , (A.10) 

where C p depends only on the Sobolev embedding constant of H 1,2 {D) into L P (D) 
and on the Poincare constant on D. Taking p£ (1,2], we plainly have 

HVwIltp^) < 2||Vw|| i » (£) ) ■ (A.ll) 
Moreover, for p 6 (1,4), using Holder inequality and (|A.10|1 . we can estimate 

II |V(yw)| |Vw| ||iP(z3 r .) < ||V((^ i w)|| i 4 (Drs) ||Vw|| i 4 P /(4-p )(Dri) , (A.12) 
|| |w| |Vw| ||x,p(£) ) < C 4 ||Vu;|| L 2( D )||Vu;|| (A.13) 

Now we apply the standard regularity theory for linear elliptic equations. Denoting 
by c(p) the norm of the operator A -1 as a map from L p (D ri ) into W 2,p n Hq (D ri ), 
and using (|A.9[) — (|A.13|) . we obtain the following crucial inequality for p E (1, 2] 

f3p,a\\<Piu\\H 2 -P(D r .) < C p ||Vw||i,3(£)) + C , 4i?-ftr||Vw||L2(_D)||Va;|| i 4p/(4-p)( £ , i . i ) 

+2i/ ||V(<^iw)||i,4(£) n )||Va;|| I/ 4p/(4-p)(23 r ..) • 

(A.14) 
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where we have set f3 PiCt = c(p) _1 — 2(a — 1) and C p = 6K(C P + 2). First, we use 
(|A.14j) taking p — 2 and i = 2. From (|A.10jl . we have that || V(( y 9 2 ^)||L 4 (_D r2 ) < 
C4-K"||Vw||x,2(£)) + || Vui\\ L 4( Dr2 y Then, we fix a > 1 such that /3 2 . a > 0, and we 
observe that a depends only on the constants in elliptic regularity theory. Hence, 
if a e [1, a], (|A.14|) with p = 2 and i = 2 yields 

IMI/p.2(D ri ) < W^^Wm-^D^) (A.15) 

L 2 (D) + l|Vw|| i 4( £ , r2 )||Vw|| L 2( £ , ) + ||Vw||i* (J3 )) , 

where C\(H) depends only on iJ. Now we show that || Vw||l4(£) ) can be controlled 
in terms of ||Vu;||£2(£>), if ||Vw|| l 2 (d) is small enough. To do this, we use again 
(I A. 14|) taking p = | and i = 3. We point out that the critical Sobolev exponent 
corresponding to p — | is p* — 4. Hence, there exists S4/3 > (independent of the 
domain) such that S^/^W^^ujWh 1 ^^) < \\ 1 P3 uj \\h 2 ^/ : >(d)- Therefore, reminding that 
J*3 = 1, (|A.14[) . with p = § and i = 3, yields 

i 2 (D)) l|P3w|| ff 2,4/3(.D) < C4 / 3||Vw|| i 2( D) +C 4 i?/^||Vw|||2( Z 5). 

Now, take a smaller a > 1 in order that /3 4 / 3ia = ft > 0. Thus, for every a e [1, a] 
we have /?4/3 jQ > (3. Then, take e > small enough, such that (3 — 2S^hHe > 0. 
Notice that e depends only on H. Therefore, we infer that 

l|Vw|| L 4 (A . 2) < ||V(^3W)|| L 4 (Z5) < \\<P3v\\Hh*(D) 

- ^/aWvMlH^.^iD) < C2(H)\\Vv\\l'(.d) , 

if ||Vo;|| l 2 (d) < £7 with 02(H) depending only on H. Going back to (|A.15|) . we 
have proved that 

IMIff 2 < 2 (D rl ) < C 3 (H)\\Wuj\\ L 2 {D) 

when a G provided that || Vw||x,2(£)) < e, being C%(H) a positive constant 

depending only on H. Hence, by the Sobolev embeddings, for every q € [l,+oo) 
there exists a positive constant C^(q, H), depending also on q such that 

\n\ H i, q(Dri) < C 4 (q,H)\\Vuj\\ LKD) (A.16) 

when a £ [1, ci] and ||Vw||x,2(m < £. For the last step, we apply (|A.9p with i = 1 
and we use the following estimates, obtained with the Holder inequality and with 
(lA~T0l) : 

|| |V(P1W)| |VW| || L p(D ri ) < #|l |W| |VW| \\ L P(D ri ) + \\Vu\\ 2 L* H D ri ) > 
II M |Vo>| ||LP(D ri ) < C2p||Vcj|| L 2 (z , ) ||Vw|| i 2 P(z , ri) . 

Then, arguing as for (|A.14[) we get 

^allyiwll^.p^) < 6AT||Vw|| L 2 (D) +6K\\Voj\\ LP{Dri) 

+2H\\Vuj\\ L 2 P{Dri) + 3HKC 2p \\VLo\\ L 2 iD) \\Vu J \\ L 2 PiDri) . 
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Finally, in order to estimate ||Vu;||£j>(£> r ) and || ^u>\\L 2 f(D r )> we use ()A.16| with 
q = p and q = 2p. Thus, for fixed p G (1, +00) we can find a p G (1, ck] such that 
for a G [l,Qfp] one has /3 PjQ > f3 Pl a p > 0. Moreover, we can also find a constant 
Cc,{p, H) > such that for a G [1, a p ], one has 

IMIff 2 .P(D 1/2 ) < \\<Piu\\H*.p(D ri ) < C 5 (p,H)\\Wuj\\ L 2 {d) 

provided that || Vw||£2(£)) < e. To conclude the proof, we just have to remark 
that \\Vuj\\ L 2 {d) = \\Vu\\ L 2 {DRiz)h and || Vu\\ p h1 , p{Dr/2{z)) = R 2 - p \\Vuj\\ p LP{Di/2) + 

R^\\^M\l P{Dl/2) < R 2 - 2p \H\ P H, P{Dl/2) , since R < 1. □ 



A. 3. Passing to the limit (blow up analysis for (u a )) 

The first preliminary result concerns the behaviour of the starting sequence (u a ) 
satisfying (|A.1[) (|A.3| ). 

Lemma A. 5 u a — > weakly in Hq and ||Vu a ||oo — > +°o as a — > 1. 
Proof. Since (u a ) is bounded in Hq and in L°° , passing to a subsequence, we can 
assume that u a — > u weakly in , for some it G H L°° . Let us prove that u is 
a weak solution to the Dirichlet problem 

f Au = 2H{u)u x Ally in D ^ 
I u = on dD 

To this aim, fix an open set £1 with Q C D. Arguing as in |15j . proof of Proposition 
4.3, we can find a finite set of points F C f2 such that jjj R / z \ |Vu| 2 < e for z g" F and 
R small enough (depending on z), where e > is given by Lemma lA.41 Then, an 
application of Lemma IA.4I gives a uniform bound for ||Vtt a ||jji,2(p fl , 2 [ z ))- Noting 
also that (u a ) is bounded in L q (D) for every q G [l,+oo], we infer that (u a ) is 
bounded in W 2,2 (D R / 2 (z)), and hence, by Rellich Theorem, u a — > u strongly in 
H 1 (D R / 2 (z)) and in L oa (D R / 2 (z)). This is sufficient to conclude that u is a weak 
solution to the equation Au = 2H(u)u x A u y in D R / 2 (z) and hence, since z was 
arbitrarily chosen, in f2 \ F. Now we can repeat the proof of Theorem 3.6 in [15j . 
Assume for simplicity that F = {0}. Let 77 G C°°(R, [0, 1]) be such that r?(s) = 
for s < 1 and rj(s) = 1 for s > 2, and set ^(s) = rj(ks). Given /i G C£°(fi,R 3 ) we 
set /i fe (C) = ?7 fe (ICI)MC)- Notice that h k can be used as test for u to get 



/ 

Jq 



Vu • S7h k + 2 [ H{u)h k • u x A Uy = . (A.18) 



Now, since h k — ► ft, weakly* in L°°,weget ^H(u)h k ■ u x /\u y — ► J n H(u)h ■ u x /\u y . 
Also, J n V!i • Vft fe — > JjjVii • V/i, since, by Holder inequality, J n |Vu • V?7 fc ||/i| < 
C|| Vu|| L 2( £)2/fc ) = o(l) as fe — > +00. Therefore, (|A.18|) yields in the limit 



/ Vu-Vft + 2 / H(u)h ■ u x Au y = 
Jn Jn 
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for every test function h G C£°(f2,R 3 ), that is, u solves Au — 2H(u)u x A u y in ft. 
Finally, for the arbitrariness of 17, we conclude that u is a weak solution to problem 
(IA.17|) . Then, by a Heinz regularity result [5], u is smooth, and a nonexistence 
result by Wente [21], which holds also in case H nonconstant, can be applied, to 
conclude that u = 0. Thus, we obtain that u a — > weakly in Hq and strongly in 
Hl oc (D \ N) where TV is a countable set of D. In particular Vu a — > pointwise a.e. 
in D. Therefore, as a last step, we observe that if it were liminf Q ^i || Vu Q ||oo < +oo, 
then liminf Q ^i ||Vu"||2 = 0, contrary to (|A.3j) . Hence, it must be ||Vit a ||oo — * +°° 
as a — ► 1. □ 

Proof of Proposition [ATll For every a S (1,5) set e a = \\Vu a \\^-, let z a E D 
be such that |Vu q (zq,)| = e" 1 and define 

w a (z) = u a (e a z + z a ) . (A.19) 

Note that v a G H^(D a , R 3 ) where D Q = D £ -i (- f£). Moreover the following facts 
hold: 

IKHoo = IKIU (A.20) 
||V« Q || 2 = ||V M Q || 2 (A.21) 
\Vv a (0)\ = HV^Iloo - 1 . (A.22) 

Furthermore, v a S W^(D a , R 3 ) for every q G [1, +oo) and solves the system 
^ = - j^tW, W) W + ( |; | V '^;2, < A< i„ Do . (A.23) 

Since e Q — ► as a — > 1, one has that < ea'" -1 "* < 1, and then, for a subsequence, 
e« Q — * A for some A G [0, 1]. Moreover, setting /9 a = e~ 1 dist(z a , we may 
also assume that there exists lim Q ^i p a E [0, +oo]. Let be the union of all 
compact sets in R 2 contained in D a as a — ► 1. Note that Ooo is a half- plane if 
p a -> ^ G [0,+oo), while ft^ = R 2 if p a -> +oo. From (|A~2"1) . (fA~20l) and (fA~2T|l 
it follows that there exists w G X n £°° such that, for a subsequence, Vw Q — > Vlj 
weakly in (L 2 (R 2 , R 3 )) 2 . Moreover, by (|A.22[1 one has that w Q — > w strongly in 
L^ C (R 2 , M 3 ). Let e > be given by Lemma lA.4l Take an arbitrary compact set K in 
fioo and set Rk — dist(-RT, dfloo). Then, let R G (0, min{l, Rk, t^})- Hence, there 
exists olk > 1 such that K C D a for a G (1, <xk) and, consequently, for every z G K, 
one has Dr{z) c -D q and ||Vu Q ||2 < £. Because of the definition (|A.19[) of v a , one 
can apply Lemma [A. 41 in order to conclude that \\S/v a \\H^,p(D R/2 {z)) is uniformly 
bounded with respect to a G (1, ajf), for every p > 1. Using (|A.20|) and (|A.2p . 
we infer that (v a ) is bounded in H 2 ' p (Dft/2(z)). Therefore we can conclude that 
oj G H 2 ' p (D R / 2 (z)), v a — > strongly in H 1 (D R / 2 (z)), and Vu Q — > Vw pointwise 
everywhere in D R / 2 (z). Since z is an arbitrary point in K and if is any compact set 
in floo, a standard diagonal argument yields that u> G H l( £(fLca) for every p < +oo, 
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v a — > u> strongly in H} (Clco), and Vu a — > Vw pointwise everywhere in M 2 . In 
particular, by ()A.22|) . |Vw(0)| = ||Vo;||oo = 1; an d thus w is nonconstant. Now we 
test (|A.23[) on an arbitrary function h £ C^°(D R /2(z),M. 3 ) and we pass to the limit 
as a — ► 1. First, we have 



Av a ■ h 



Vlo ■ V/i 



(A.24) 



because of the weak convergence Vw Q — > Vw. Secondly, using the estimate 
(W 2 v a , Wv a )Wv a ■ h 



\X7v c 



< 



vV| \h\ < liv^ii^^.c^llftll^ 



and the fact that v a is uniformly bounded in H 2,P (D R / 2 ( Z )) as a G (1, Or-), we 
obtain that 

(V 2 v a , X7v a )Vv a ■ h 



2(a - 1 
as a — > 1. Lastly, setting 



q|2 



0, 



(A.25) 



,2(a-l) 



1 I v a A u a 
c 2 I \T7*,a\2\a-l x V 



(e 2 a + \Vv«\ 2 Y 



one has 



R2 ( £ 2 + |V« C 

Since e 2 /" ^ — » A, H(v a ) — > _ff (w) uniformly on Djj/ 2 (2) and Vi> Q — » Vcj pointwise 
in D R / 2 ( Z ), by (IA.22j) . on one hand we infer that 

e a(a-i) /" H(y a )h-v2 Av" ^ A / H(u)h-u x Au y . 

JR 2 JR 2 

On the other hand, since e Q € (0, 1), we observe that 

KI<(i + 4 (a_1) )KI KI<|v v Q | 2 <i 

and w Q (C) -> for every C G D R/2 (z). Indeed, if Vw(C) = then |w Q | < |Vw a | 2 -> 
0, while if Vw(C) ^ then (e 2 + | W*(C)| 2 ) a_1 -> 0. In conclusion, by the domi- 
nated convergence Theorem, we obtain that J R2 H(v a )h ■ w a — > and then 



2 2(a-l) jj( v a) r 



(A.26) 



asa-tl. Then (|A~23)H(|A~2"6|) imply that 

/ VwV/i + 2A / H{uj)h ■ uj x A cj^ = 
Jr 2 Jr 2 
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for every h S {Dr/ 2 (z), M 3 ), for every z £ K and for every compact set K in 
r^oo, that is, to solves Auj = 2\H(uj)lu x Aw y in . Suppose that fJoo is a half-plane. 
Since v a — on <9ZJ Q , one has that w = on diloo. Moreover, since a half-plane 
is conformally equivalent to a disc, u> gives arise to a nonconstant solution to the 
Dirichlet problem 

| Au = 2XH(u)u x Au v in D 
I u = on <9D. 

As already noted in the proof of Lemma fA.5| the only solution to (|A.27jl is u = 0, 
and this gives a contradiction, since u> is nonconstant. Hence, it must be floe = IK 2 , 
that is, w is a Aif-bubble. Finally, we observe that A > 0, since the only bounded 
solutions to Am = on I 2 with T>(u) < +00 are the constant functions, and we 
already know that u is nonconstant. This concludes the proof. □ 

A. 4. Proof of Proposition \A.2\ 

For every domain in R 2 , a € (l,a), and A € (0, 1], set 

£\H(v,ty — - ( |Vw| 2 + 2A ( m H {uj)uj ■ uj x Aujy . 



n Jn 

_ 2(0-1)™ / ,a\ 



2 

Notice that £^(v a , D a ) = e^"" 1 ' £^(u q ) and u Q solves the system 

div ((e 2 + |Vu Q | 2 ) Q - 1 Vu a! ) = 2e 2 a {a - 1) H(v a )v x t A i£ . (A.28) 
Now, multiplying (|A.28|) by v a , we obtain 



<v a \ 2 



dW({e 2 a + \Vv a \ 2 ) a - 1 Vv a -v a ) = {e 2 a + \Vv a \ 2 ) a - 1 \Vi 

+2e 2 J a -^H(v a )v a ■ v x AVy . (A.29) 

Integrating (|A.29p on a domain £1 and using the divergence theorem we infer that 
Jan °^ Jn 



+2e 2(«-i) / H(v a )v a . „« A w « . (A.30) 
Jn 

Using (|2.8p and the definition of £^(w Q , fi) we can estimate 

2e 2(Q ~ 1) f H(v a )v a -t£ A»° < e Q (a_1) ^- / |W*| 2 + 3££(v Q , fi) 
Jn 2 ,/ n 



'^/^((4 + |V^| 2 r-£ Q Q ). (A.31) 
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Hence, setting 

i a (dn) = 

ia(fi) - 



1 

3 
1 

2a~ 



an dv 



((4 + |V« Q | 2 ) Q - 4 Q ) - 3 + \Vv a \*) a - 1 \Vv a \< 



,2(a-l) 



by (|A.31|) the equation (|A.30|) becomes 

£H(v a ,ty>I a (dn)+I a (n) . 
With algebraic computations, one has 

> £<W*-°-^ / |W*| 2 . 



(A.32) 



a\2 











G- 


3 ~ 


6 J 


/ 



Then, since Afg < 1, one obtains that / Q (0) > for a > 1 sufficiently close to 1, 
whatever 17 is. Hence, (|A.32j) reduces to 



£H(v a ,n) > i a (dn) 



(A.33) 



Now we take fl = R 2 \ D R . First, we observe that, since v a — > u> strongly in 
Hl oc (R 2 , R 3 ) and uniformly on compact sets, and 



2(a-l) 



A, it holds that 



lim£%(v a ,D R ) = £ X h(oj,D r ) 

a— »1 



limsup|/ Q (<9L> fl )| < - 



9w 



for every R > 0. Then, by (|A.33[) . we obtain 

£xh(u,D r ) = £%(v a )-£%(v a ,R 2 \D R ) + o(l) 

where o(l) — > as a — > 1, for every i? > 0. Hence 



A liminf > £ xh (uj,D r ) - - 

a— >1 d 



9w 
9^ 



(A.34) 



for every R > 0. Finally, notice that 



dD R 



dv 



1 2 \-Dh 



(u) ■ Auj + |Vw| 2 ) 
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= I (2\H(u)uj ■ uj x /\ui y + |Vw| 2 ) 

Jk 2 \d r 

< (All-ffHoolMloo + 1) / \Vuo\ 2 . 

JR 2 \D R 

Then, passing to the limit as R — > +00, from (|A.34[) the thesis follows. □ 



References 

[I] F. Bethuel and J.M. Ghidagiia, Improved regularity of solutions to elliptic equations 
involving Jacobians and applications, J. Math. Pures Appl. 72 (1993), 441-474. 

[2] F. Bethuel and O. Rey, Multiple solutions to the Plateau problem for nonconstant 
mean curvature, Duke Math. J. 73 (1994), 593-646. 

[3] H. Brezis and J.M. Coron, Multiple solutions of H-sy stems and Rellich's conjecture, 
Comm. Pure Appl. Math. 37 (1984), 149-187. 

[4] H. Brezis and J.M. Coron, Convergence of solutions of H-systems or how to blow 
bubbles, Arch. Rat. Mech. Anal. 89 (1985), 21-56. 

[5] P. Caldiroli and R. Musina, On a Steffen's result about parametric surfaces with pre- 
scribed mean curvature, Preprint SISSA, Trieste (2000). 

[6] P.R. Garabedian, On the shape of electrified droplets, Comm. Pure Appl. Math. 18 
(1965), 31-34. 

[7] M. Griiter, Regularity of weak H-surfaces, J. Reine Angew. Math. 329 (1981), 1-15. 
[8] A. Gyemant, Kapillaritat, in Handbuch der Physik, Bd. 7., Springer, Berlin (1927). 
[9] E. Heinz, Uber die regularitat schwarcher Losungen nicht linear elliptisher Systeme, 

Nachr. Akad. Wiss. Gottingen II. Mathemetisch Physikalische Klasse 1 (1975), 1-13. 
[10] S. Hildebrandt, Randwertprobleme fur Flachen mit vorgeschriebener mittlerer Kriim- 

mung und Anwendungen auf die Kapillaritatstheorie, Teil I, Fest vorgegebener Rand, 

Math. Z. 112 (1969), 205-213. 

[II] S. Hildebrandt and H. Kaul, Two- Dimensional Variational Problems with Obstruc- 
tions, and Plateau's Problem for H-Surfaces in a Riemannian Manifold, Comm. Pure 
Appl. Math. 25 (1972), 187-223. 

[12] N. Jakobowsky, A perturbation result concerning a second solution to the Dirichlet 
problem for the equation of prescribed mean curvature, J. Reine Angew. Math. 457 
(1994), 1-21. 

[13] N. Jakobowsky, Multiple surfaces of non-constant mean curvature, Math. Z. 217 
(1994), 497-512. 

[14] C.B. Morrey, Multiple Integrals in the Calculus of Variations, Springer (1966). 

[15] J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. 

Math. 113 (1981), 1-24. 
[16] K. StefTen, Isoperimetric inequalities and the problem of Plateau, Math. Ann. 222 

(1976), 97-144. 

[17] K. StefTen, On the Existence of Surfaces with Prescribed Mean Curvature and Bound- 
ary, Math. Z. 146 (1976), 113-135. 

[18] M. Struwe, Plateau's problem and the Calculus of Variations, Mathematical Notes 35, 
Princeton University Press (1985). 

[19] M. Struwe, Multiple solutions to the Dirichlet problem for the equation of prescribed 
mean curvature, in: Analysis, et Cetera (P.H. Rabinowitz, E. Zehnder, eds.), Academic 
Press, Boston 1990, 639-666. 



Existence of minimal H-bubbles 209 



[20] G. Wang, The Dirichlet problem for the equation of prescribed mean curvature, Ann. 

Inst. H. Poincare Anal, non lineaire 9 (1992), 643-655. 
[21] H. Wente, The differential equation Ax — 2(x u Ax v ) with vanishing boundary values, 

Proc. Amer. Math. Soc. 50 (1975), 113-137. 



